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REALIZING ENVELOPING ALGEBRAS VIA VARIETIES
OF MODULES
MING DING, JIE XIAO AND FAN XU
Dedicated to Professor J.A.Green on the occasion of his 80th birthday
Abstract. By using the Ringel-Hall algebra approach, we investigate
the structure of the Lie algebra L(Λ) generated by indecomposable con-
structible sets in the varieties of modules for any finite dimensional C-
algebra Λ. We obtain a geometric realization of the universal enveloping
algebra R(Λ) of L(Λ). This generalizes the main result of Riedtmann in
[19]. We also obtain Green’s theorem in [6] in a geometric form for any
finite dimensional C-algebra Λ and use it to give the comultiplication
formula in R(Λ).
1. Introduction
Let us recall a result of Riedtmann in [19]. Let Λ be a finite dimensional
associative C-algebra with unit element. If Λ is of finite representation
type, let J be a set of representatives for the isomorphism classes of inde-
composable Λ-modules. Then P = {
⊕
A∈J A
µ(A) : µ(A) ∈ N} is a set of
representatives for the isomorphism classes of all Λ-modules. Let R(Λ) be
the free Z-module on the basis {uA, A ∈ P}. Define the multiplication of
two basis vectors by (see Section 2 in [19])
uA • uB =
∑
X∈P
χ(V (A,B;X))uX ,
where χ(V (A,B;X)) is the Euler-Poincare´ characteristic of the variety:
V (A,B;X) = {0 ⊆ Z ⊆ X : Z ∈ modΛ, Z ∼= A,X/Z ∼= B}
This is a geometric version of Ringel-Hall algebras (see [20]) by considering
the Euler-Poincare´ characteristic of the filtration varieties to replace the
filtration numbers over a finite field (see also [12] and [24]). Then R(Λ)
is an associative Z-algebra with unit element. The Z-submodule L(Λ) =⊕
A∈J ZuA of R(Λ) is a Lie subalgebra with bracket [x, y] = x • y − y • x
(we will simply write xy for x • y in the below). She proved the following
result by a gradation method.
For any numbering J = {A1, · · · , An}, the universal enveloping algebra
U(Λ) of L(Λ), is freely generated as a Z-module by the classes of the words
The research was supported in part by NSF of China and by the 973 Project of the
Ministry of Science and Technology of China.
1
2 MING DING, JIE XIAO AND FAN XU
Aλ11 · · ·A
λn
n , (λ1, · · · , λn ∈ N). It is isomorphic to the subalgebra R(Λ)
′ of
R(Λ) generated by {uA : A ∈ J }, which is the free Z-module generated by
the elements (
∏n
j=1(λj!))uAλ11 ⊕···⊕A
λn
n
.
We note that a similar property for Ringel-Hall algebras H(Λ) has been
obtained by Guo and Peng in [8] for any finite dimensional algebra Λ over
a finite field.
In this paper we extend Riedtmann’s result. Let R(Λ) be the Z-module
generated by the characteristic functions of constructible sets of strati-
fied Krull-Schmidt (see Section 3.2 for the definition) and L(Λ) be the Z-
submodule of R(Λ) generated by the characteristic functions of indecompos-
able constructible sets (see Section 3.2 for the definition). Our main result
(Theorem 4.2) provides, R(Λ) can be realized as the enveloping algebra of
L(Λ), from which Riedtmann’s result can be deduced by replacing orbits of
modules by constructible sets.
Moreover, we propose a ‘degenerate form’ (Theorem 5.7) and an extended
version (Remark 5.8) of Green’s theorem on Hall algebras ([6], see also [22]).
The extended version holds for any finite dimensional associative algebra
(not only hereditary algebra). We note that there is an analog of Green’s
theorem which was given by Lusztig ([13]).
The paper is organized as follows. In Section 2 we recall the basic knowl-
edge about varieties of modules and constructible functions. In Section 3 we
give the definitions of R(Λ) and L(Λ) for any finite dimension algebra Λ over
C which can be viewed as an extension of Section 2.3 in [19]. Following this,
we study the relation between R(Λ) and L(Λ) in Section 4. In particular,
Theorem 4.2 is Riedtmann’s result when considering representation-finite
case. In Section 5, we give a formula in Theorem 5.7 which can be viewed
as a variant of Green’s formula. In Section 6, we prove that this formula
induces the comultiplication of R(Λ) as a Hopf algebra.
Finally, we note that there is a similar result in [10] in the context of
constructible functions on stacks. The author use quite different methods.
It is interesting to consider analogues of constructible subsets of stratified
Krull-Schmidt for stacks.
2. Basic Concepts
In this section, we will fix notations and recall some elementary concepts
in algebraic geometry.
The set of all n-tuples with each coordinate element in the field C is
called an n-dimensional affine space over C. Each closed set (with induced
topology) of an affine space is called an affine algebraic variety. A point x
of an affine variety X is smooth if the dimension of the tangent space of X
at x is equal to the dimension of X at x, denoted by dimTX,x = dimxX.
Let ϕ : X −→ Y be a dominating (i.e ϕ(X) is Zariski-dense in Y ) regular
map, if x ∈ X and y = ϕ(x) ∈ Y is a smooth point, then we say that ϕ is
smooth at x if x is a smooth point of X and dϕ maps Tx,X onto Ty,Y . Let X
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be a Zariski topolgical space, the intersection of an open subset and a close
subset is called a locally closed subset. A subset in X is called constructible
if it is a disjoint union of finitely many locally closed subsets. Obviously,
open sets and close sets are both constructible sets.
Definition 2.1. A function f on X is called constructible if X can be divided
into finitely many constructible sets satisfying that f is constant on each such
constructible set.
Let O be an above constructible set, 1O is called a characteristic function
if 1O(x) = 1 for any x ∈ O; 1O(x) = 0 for any x /∈ O. It is clear that 1O is
the simplest constructible function and any constructible function is a linear
combination of characteristic functions.
Let Λ be a finite dimensional C-algebra. By a result of P.Gabriel in [7], the
algebra Λ is given by a quiver Q with relations R (up to Morita equivalence).
Let Q = (Q0, Q1, s, t) be a quiver, where Q0 and Q1 are the sets of vertices
and arrows respectively, and s, t : Q1 → Q0 are maps such that any arrow
α starts at s(α) and terminates at t(α). There are only finitely many simple
Λ-modules S1, · · · , Sn, up to isomorphism. The index set for simple modules
is denoted by I (we may identify I = Q0). For any Λ-module M , we denote
by dimM the vector in NI whose i-th component is the multiplicity of Si
in any composition series of M for i = 1, · · · , n. It is called the dimension
vector of M . For any dimension vector d =
∑
i aii ∈ NI, we consider the
affine space over C
Ed(Q) =
⊕
α∈Q1
HomC(C
as(α) ,Cat(α))
Any element x = (xα)α∈Q1 in Ed(Q) defines a representationM(x) = (C
d, x)
of Q such that Cd =
⊕
i∈Q0
Cai . A relation in Q is a linear combination∑r
i=1 λipi, where λi ∈ C and pi are paths of length at least two with s(pi) =
s(pj) and t(pi) = t(pj) for all 1 ≤ i, j ≤ r. For any x = (xα)α∈Q1 ∈ Ed(Q) and
any path p = α1α2 · · ·αm in Q, we set xp = xα1xα2 · · · xαm . Then x satisfies
a relation
∑r
i=1 λipi if
∑r
i=1 λixpi = 0. If R is a set of relations in Q, then
let Ed(Q,R) be the closed subvariety of Ed(Q) which consists of elements
satisfying all relations in R. Any element x = (xα)α∈Q1 in Ed(Q,R) defines
in a natural way a representation M(x) of Λ = CQ/J with dimM(x) = d,
where J is the admissible ideal generated by R. We consider the algebraic
group:
Gd := Gd(Q) =
∏
i∈I
GL(ai,C),
which acts on Ed(Q) by (xα)
g
α∈Q1
= (gt(α)xαg
−1
s(α))α∈Q1 for g ∈ Gd and
(xα)α∈Q1 ∈ Ed(Q). It naturally induces the action of Gd on Ed(Q,R). The
orbit space is Ed(Q,R)/Gd. There is a natural bijection between the set
M(Λ,Cd) of isomorphism classes of C-representations of Λ whose underlying
space is Cd and the set of orbits of Gd in Ed(Q,R). So we may identify
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M(Λ,Cd) with Ed(Q,R)/Gd. For any constructible subset O in Ed(Q,R),
we say O is Gd-invariant if Gd · O = O.
In the following, the constructible sets and functions will always be as-
sumed Gd-invariant. For fixed Q, R and d, we simply write Ed instead of
Ed(Q,R).
Let O and O′ be constructible subsets in Ed(Q,R) and Ed′(Q,R) respec-
tively, we define
O⊕O′ = Gd+d′ ·{z ∈ Ed+d′(Q,R) |M(z) = M(x)⊕M(x
′) with x ∈ O and x′
∈ O′} = {z ∈ Ed+d′(Q,R) |M(z)
∼= M(x)⊕M(x′) with x ∈ O and x′ ∈ O′}.
We denote by nO the n copies of direct sum of O. Since
ψ : Gd+d′(Q)× Ed(Q,R)× Ed′(Q,R)
−→ Ed(Q,R)⊕ Ed′(Q,R)
(g, V1, V2) 7→ g · (V1 ⊕ V2)
is an algebraic map and also surjective, and the image of a constructible
set is constructible, we have that for any constructible subsets O,O′ in
Ed(Q,R),Ed′(Q,R) respectively, O⊕O
′ is a constructible subset in Ed+d′(Q,R),
that is to say, the direct sum of constructible sets is a constructible set.
Let O1, · · · ,Or be constructible sets and M be a Λ-module, we define the
set:
V (O1, · · · ,Or;M) = {0 = M0 ⊆M1 ⊆ · · · ⊆Mr = M |
Mi ∈ mod Λ,Mi/Mi−1 ∈ Oi, 1 ≤ i ≤ r, i ∈ N}
In particular, V (Ed1 ,Ed2 ;M) is the Grassmannian of Λ-submodules of M ,
denoted by Grd1(M).
Let χ denote Euler characteristic in compactly-supported cohomology.
Let X be an algebraic variety and O a constructible subset of X as the
disjoint union of finitely many locally closed subsets Xi for i = 1, · · · ,m.
We have χ(O) =
∑m
i=1 χ(Xi). We will use the following properties:
Proposition 2.2 ([19],[9]). Let X,Y be algebraic varieties over C. Then
(1) If an algebraic variety X is the disjoint union of finitely many con-
structible sets X1, · · · ,Xr, then
χ(X) =
r∑
i=1
χ(Xi)
(2) If ϕ : X −→ Y is a morphism with the property that all fibers have
the same Euler characteristic χ, then χ(X) = χ ·χ(Y ). In particular,
if ϕ is a locally trivial fibration in the analytic topology with fibre F,
then χ(Z) = χ(F ) · χ(Y ).
(3) χ(Cn) = 1 and χ(Pn) = n+ 1 for all n ≥ 0.
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We recall pushforward functor from the category of algebraic varieties over
C and the category of Q-vector spaces ( see [15] and [9]).
Let φ : X → Y be a morphism of varieties. For f ∈ M(X) and y ∈ Y,
define
φ∗(f)(y) =
∑
c∈Q
cχ(f−1(c) ∩ φ−1(y))
Theorem 2.3 ([4],[9]). Let X,Y and Z be algebraic varieties over C, φ :
X → Y and ψ : Y → Z be morphisms of varieties, and f ∈ M(X). Then
φ∗(f) is constructible, φ∗ :M(X)→M(Y ) is a Q-linear map and (ψ◦φ)∗ =
(ψ)∗ ◦ (φ)∗ as Q-linear maps from M(X) to M(Z).
In order to deal with orbit spaces, we also need to consider the geometric
quotients.
Definition 2.4. Let G be an algebraic group acting on a variety X and
φ : X → Y be a G-invariant morphism, i.e. a morphism constant on or-
bits. The pair (Y, φ) is called a geometric quotient if φ is open and for any
open subset U of Y , the associated comorphism identifies the ring OY (U) of
regular functions on U with the ring OX(φ
−1(U))G of G-invariant regular
functions on φ−1(U).
The following result due to Rosenlicht [23] is essential to us.
Lemma 2.5. Let X be a G-variety, then there exists an open and dense
G-stable subset which has a geometric G-quotient.
By this Lemma, we can construct a finite stratification over X. Let
U1 be an open and dense G-stable subset of X as in Lemma 2.5. Then
dimC(X − U1) < dimCX. We can use the above lemma again, there ex-
ists a dense open G-stable subset U2 of X − U1 which has a geometric G-
quotient. Inductively, we get the finite stratification X = ∪li=1Ui which Ui is
G-invariant locally closed subset and has a geometric quotient, l ≤ dimCX.
We denote by φUi the geometric quotient map on Ui. Define the quasi Euler-
Poincare´ characteristic of X/G by
χ(X/G) :=
∑
i
χ(φUi(Ui)).
If {U ′j} is another choice for the definition of χ(X/G), then χ(φUi(Ui)) =∑
j χ(φUi∩U ′j(Ui ∩ U
′
j)) and χ(φU ′j (U
′
j)) =
∑
i χ(φUi∩U ′j(Ui ∩ U
′
j)). Thus∑
i
χ(φUi(Ui)) =
∑
j
χ(φU ′j (U
′
j)).
Hence, χ(X/G) is well-defined (see [26]). Similarly, we obtain χ(O/G) :=∑
i χ(φUi(O
⋂
Ui)) is well-defined for any G-invariant constructible subset
O of X.
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We also introduce the following notation. Let f be a constructible func-
tion over a variety X, it is natural to define
(1)
∫
x∈X
f(x) :=
∑
m∈C
mχ(f−1(m))
Comparing with Proposition 2.2, we also have
Proposition 2.6 ([26]). Let X,Y be algebraic varieties over C under the
actions of the algebraic groups G and H respectively. Then
(1) If an algebraic variety X is the disjoint union of finitely many G-
invariant constructible sets X1, · · · ,Xr, then
χ(X/G) =
r∑
i=1
χ(Xi/G)
(2) If ϕ : X −→ Y is a morphism induces the quotient map φ : X/G→
Y/H with the property that all fibers for φ have the same Euler
characteristic χ, then χ(X/G) = χ · χ(Y/H).
Moreover, if there exists an action of algebraic group G on X as in Defi-
nition 2.4, and f is G-invariant constructible function over X, We define
(2)
∫
x∈X/G
f(x) :=
∑
m∈C
mχ(f−1(m)/G)
3. Definitions of R(Λ) and L(Λ)
3.1 Let Oi be a Gdi-invariant constructible subset of Edi for i=1,2 and L
be a constructible subset of Ed1+d2 (need not be invariant under the group
action). Similar to V (O1,O2;M), we define:
V (O1,O2;L) = {(L,L1) | L ∈ L, L1 ∈ V (O1,O2;L)}.
There exists a natural morphism of varieties:
π˜ : V (O1,O2;L)→ L
mapping (L,L1) to L. It is clear to see χ(π˜
−1(L)) = χ(V (O1,O2;L)).
Definition 3.1. 1O1 • 1O2(L) = χ(V (O1,O2;L))
Consider the C-space MG(Λ) =
⊕
d∈Nn MGd(Q,R) where MGd(Q,R) is
the C-space of Gd-invariant constructible function on Ed(Q,R). Actually we
have defined the convolution multiplication on MG(Λ) as follows. For any
f ∈ MGd(Q,R) and g ∈ MGd′ (Q,R), f • g ∈ MGd+d′ (Q,R) is given by the
formula
f • g(L) =
∑
c,d∈C
χ(V (f−1(c), g−1(d);L))cd.
As usual for an algebraic variety V and a constructible function f on V,
we define
∫
V f =
∑
c∈C χ(f
−1(c))c. Define 10 be the characteristic function
satisfying 10(X) = 1 if X ∼= 0 and 10(X) = 0 otherwise. Similar as in [19]
(see also Section 2 in [14]), we can prove that:
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Proposition 3.2. The space MG(Λ) under the convolution multiplication •
is an associative algebra over C with identity 10.
Proof. It is enough to prove that 1O1 • 1O2 is constructible for any con-
structible subsets O1 and O2 of Ed1 and Ed2 , respectively. We consider the
canonical morphism of varieties
π˜ : V (O1,O2;Ed1+d2)→ Ed1+d2 .
We have π˜−1(L) = V (O1,O2;L). By Theorem 2.3, we obtain a constructible
function
π˜∗(1V (O1,O2;Ed1+d2 )
) = 1O1 • 1O2 .
For any L ∈ Ed1+d2 and Oi ⊂ Edi for i = 1, 2, 3, define
A1 = {L1 ⊆ L2 ⊆ L | L1 ∈ O2, L2/L1 ∈ O1, L/L2 ∈ O3}
and
A2 = {(L1 ⊆ L,L2/L1 ⊆ L/L1) | L1 ∈ O2, L2/L1 ∈ O1, L/L2 ∈ O3}.
Then
χ(A1) = χ(A2).
Furthermore, we have
(1O2 • 1O1) • 1O3(L) = χ(A1)
and
1O2 • (1O1 • 1O3)(L) = χ(A2).
Hence,
1O2 • (1O1 • 1O3) = (1O2 • 1O1) • 1O3 .

3.2 A constructible set is called indecomposable if all points in it correspond
to indecomposable Λ-modules([26]). Let O be a constructible set. If it has
the form: O = n1O1 ⊕ · · · ⊕ nkOk, where Oi, 1 ≤ i ≤ k are indecomposable
constructible sets, then O is called to be of Krull-Schmidt. A constructible
set Q is called to be of stratified Krull-Schmidt if it has a finite stratification
Q =
⋃˙
iQi where each Qi is locally closed in Q and is of Krull-Schmidt.
Define R(Λ) = ΣZ1Q, where Q are constructible sets of stratified Krull-
Schmidt. Obviously R(Λ) = ΣZ1O, where O are constructible sets of Krull-
Schmidt. Note that for a Krull-Schmidt constructible set O = n1O1 ⊕ · · · ⊕
nkOk, we may assume Oi, 1 ≤ i ≤ k are disjoint to each other. For if
Oi ∩ Oj 6= ∅, then
Oi ⊕Oj = 2(Oi ∩Oj)
⋃˙(
(Oi\(Oi ∩ Oj))⊕ (Oj\(Oi ∩ Oj)))⋃˙(
(Oi ∩ Oj)⊕ (Oj\(Oi ∩ Oj)))
⋃˙(
(Oi ∩ Oj)⊕ (Oi\(Oi ∩Oj)))
where
⋃˙
are disjoint unions.
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Lemma 3.3. Let O1,O2 be two indecomposable constructible subsets of
Ed1 and Ed2 . Let L be a Λ-module with dimension vector d1 + d2. If
χ(V (O1,O2;L)) 6= 0, then there exist X ∈ O1, Y ∈ O2 satisfying
χ(V (X,Y ;L)) 6= 0.
Proof. For any submodule L1 with dimension vector d1 of L, by the knowl-
edge of linear algebra, there exist unique (Cd1 , x) ∈ Ed1 isomorphic to L1
and (Cd2 , x′) ∈ Ed2 isomorphic to L/L1. In fact, it induces a morphism of
varieties (see also Lemma 5.5)
Grd1(L)
pi1 // Ed1 × Ed2 .
For any constructible subsets O1 and O2 of Ed1 and Ed2 , respectively, we
consider the morphism:
Grd1(L)
pi1 // Ed1 × Ed2
pi2 //
⋃
i φi(Ui)
where Ed1 × Ed2 =
⋃
i Ui is a finite stratification with respect to algebraic
group Gd1 ×Gd2 actions and φi : Ui → φi(Ui) is the geometric quotient for
any i, and π2 =
⋃
i φi. It is clear that
(π2π1)
−1(π2(O1 ×O2)) = V (O1,O2;L)
By the proof of Proposition 3.2, {χ(V (X,Y ;L)) | X ∈ O1, Y ∈ O2} is a
finite set. Using Proposition 2.6 for the composition of morphisms π2π1,
there exists a partition π2(O1 × O2) =
⋃
Pi satisfying that for fixed Pi,
χ(V (X,Y ;L)) is constant for any (X,Y ) ∈ Pi (denoted by χi) and
χ(V (O1,O2;L)) =
∑
i
χ(Pi) · χi 6= 0
Hence, there exists some χi 6= 0. Thus we completed our proof. 
Lemma 3.4. Let O1,O2 be indecomposable constructible sets as above. Let
M and N be two nonzero Λ-modules such that one of them does not belong
to O1 ∪ O2. Then
χ(V (O1,O2;M ⊕N)) = 0.
Proof. Let L = M⊕N . If χ(V (O1,O2;L)) 6= 0, then from Lemma 3.3, there
exist A ∈ O1 and B ∈ O2 such that χ(V (A,B;L)) 6= 0. From Lemma 2.2
in [19], we know L ∼= A⊕B. However according to Krull-Schmidt theorem:
A ∼= M,B ∼= N ; or A ∼= N,B ∼=M . It is a contradiction. 
Remark 3.5. If O1 ∩O2 = ∅, then according to Lemma 3.4, we have
1O1 • 1O2 = 1O1⊕O2 +
m∑
i=1
ci1Pi
where Pi are indecomposable constructible sets and ci = χ(V (O1,O2;Li))
for any Li ∈ Pi.
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For M ∈ modΛ, let γ(M) be the number of indecomposable direct sum-
mands of the Krull-Schmidt decomposition of M. For a constructible set O
we define γ(O) = max{γ(M) |M ∈ O}.
According to Lemma 3.4 and Lemma 2.2 in [19], for indecomposable con-
structible sets O1, · · · ,Ok and a Λ-module L, χ(V (O1, · · · ,Ok;L)) 6= 0
implies that γ(L) ≤ k and if γ(L) = k then L = M1 ⊕ · · · ⊕ Mk with
Mi ∈ Oi, i = 1, · · · , k.
Proposition 3.6. Let O be an indecomposable constructible set. Then 1kO =
k!1kO +
∑
imi1Pi , where γ(Pi) < k.
Proof. It is obvious for k = 1. If k = 2, then 12O(A ⊕ A) = χ(V (O,O;A ⊕
A)) = χ(V (A,A;A ⊕ A)) = 2 and 12O(A ⊕ B) = χ(V (O,O;A ⊕ B)) =
χ(V (A,B;A⊕B))+χ(V (B,A;A⊕B)) = 2 for A,B ∈ O with A 6∼= B. Then
12O = 2 · 1O⊕O +
∑
imi1Pi where Pi are indecomposable constructible sets.
Suppose that the proposition is true for k = n, then for k = n + 1, we
have 1n+1O = 1
n
O1O. Our aim is to show the initial monomial of 1
n+1
O is (n+
1)!1(n+1)O , so it is sufficient for us to prove the initial monomial of n!1nO1O
is (n+1)!1(n+1)O . Namely the initial monomial of 1nO1O is (n+1)1(n+1)O .
Consider any numbering {A,B, · · · , L} in O which are not isomorphic to
each other, and natural numbers a, b, · · · , l satisfying a + b + · · · + l = n.
Then aA⊕ bB ⊕ · · · ⊕ lL ∈ nO. Since
1aA⊕bB⊕···⊕lL1A = (a+ 1)1(a+1)A⊕bB⊕···⊕lL + · · ·
1(a+1)A⊕(b−1)B⊕···⊕lL1B = b1(a+1)A⊕bB⊕···⊕lL + · · ·
...
1(a+1)A⊕bB⊕···⊕(l−1)L1L = l1(a+1)A⊕bB⊕···⊕lL + · · · .
By the sum of the above equalities, we obtain that
1nO1O((a+ 1)A⊕ bB ⊕ · · · ⊕ lL) = (a+ 1) + b+ · · · + l = n+ 1.
Thus we finished the proof. 
Corollary 3.7. Let O1, · · · ,Ok be indecomposable constructible sets and
they are disjoint to each other. Then the initial term of 1n1O1 · · · 1
nk
Ok
is
n1! · · ·nk!1n1O1⊕···⊕nkOk ,
and the initial term of 1m1O1⊕···⊕mkOk1n1O1⊕···⊕nkOk is
k∏
i=1
(mi + ni)!
mi!ni!
1(m1+n1)O1⊕···⊕(mk+nk)Ok ,
Proposition 3.8. Let O1,O2 be two constructible sets of Krull-Schmidt.
Then we have the finite sum
1O1 • 1O2 =
∑
γ(Qi)≤γ(O1)+γ(O2)
qi1Qi
where Qi are constructible sets of stratified Krull-Schmidt.
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Proof. As we know, 1O1 • 1O2 is a constructible function, so
1O1 • 1O2 =
∑
i
qi1Qi
for some constructible sets Qi where qi = χ(V (O1,O2;Li)) 6= 0 for any Li ∈
Qi. By Lemma 3.3, there existXi ∈ O1, Yi ∈ O2 such that χ(V (Xi, Yi;Li)) 6=
0, then γ(Li) ≤ γ(Xi) + γ(Yi) and Li ∼= Xi ⊕ Yi if γ(Li) = γ(Xi) + γ(Yi) by
Lemma 2.2 in [19], which implies γ(Qi) ≤ γ(O1) + γ(O2).
Moreover, for fixed Li, suppose Li = ⊕
s
j=1Zj for some indecomposables
Z1, · · · , Zs. Similar to Lemma 2.2 in [19], we define an action of C
∗ on Li
by
t · (z1, · · · , zs) = (tz1, · · · , t
szs)
for t ∈ C∗ and zj ∈ Zj , j = 1 · · · s. A subspace L
′
i ⊆ Li is stable under this
action if and only if L′i = ⊕
s
j=1(L
′
i ∩ Zj). This induces the action of C
∗ on
V (Xi, Yi;Li) whose fixed point is filtration as follows:
0 = Li0 ⊆ Li1 ⊆ Li2 = Li
where Li1 = ⊕j(Li1 ∩ Zj) ∼= Xi and Li/Li1 = ⊕jZj/(Li1 ∩ Zj) ∼= Yi. The
fixed point set is not empty just because V (Xi, Yi;Li) has the same Euler-
Poincare´ characteristic as its fixed point set under the action of C∗ and
we have assumed that χ(V (Xi, Yi;Li))) 6= 0. We have the following exact
sequence:
0 −→ Li1 ∩ Zj −→ Zj −→ Zj/(Li1 ∩ Zj) −→ 0
for j = 1, · · · , s. This means all indecomposable direct summands of Li are
the extension of direct summands of Xi and Yi.
Without loss of generality, we may assume that
O1 =
t⊕
i=1
miPi and O2 =
t⊕
i=1
niPi
with the property that each Pi is indecomposable and Pi∩Pj = ∅ or Pi = Pj
for all i 6= j, and mi, nj equal 0 or 1 for all i and j. We call {A1, · · · , As}
an s-partition of {1, 2, · · · , t} if A1 ∪ · · · ∪ As = {1, 2, · · · , t}, Ai 6= ∅ for all
i and Ai ∩ Aj = ∅ for all i 6= j. Obviously the number of all partitions of
{1, 2, · · · , t} is finite. For any two s-partitions {A1, · · · , As}, {B1, · · · , Bs}
of {1, 2, · · · , t} and zl ∈ Z, l = 1, · · · , s, set
SAl,Bl,zl = {M indecomposable | χ(V (
⊕
i∈Al
miPi,
⊕
j∈Bl
njPj ;M)) = zl}
TAl,Bl,zl = {M |M ∈
⊕
i∈Al
miPi ⊕
⊕
j∈Bl
njPj ,
χ(V (
⊕
i∈Al
miPi,
⊕
j∈Bl
njPj ;M)) = zl}
These are constructible sets, and by Corollary 3.7, are of Krull-Schmidt.
According to our analysis of C∗ action, we see that 1O1 • 1O2 is a finite
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Z-linear sum of 1⊕s
l=1OAl,Bl,zl
, where OAl,Bl,zl = SAl,Bl,zl or TAl,Bl,zl for all
s-partitions (s = 1, · · · , t). The proof is finished. 
Theorem 3.9. The Z-module R(Λ) under the convolution multiplication •
is an associative Z-algebra with unit element.
3.3 Define the Z-submodule L(Λ) =
∑
i Z1Oi of R(Λ), where Oi are
indecomposable constructible sets. Then we have the following result.
Theorem 3.10. The Z-submodule L(Λ) is a Lie subalgebra of R(Λ) with
bracket [x, y] = xy − yx.
Proof. We need to verify that L(Λ) is closed under the Lie bracket. If
O1 = O2, then 1O1 • 1O2 − 1O2 • 1O1 = 0 ∈ L(Λ)
According to Subsection 3.2, we may assume that O1∩O2 = ∅. By Remark
3.5 we have
1O1 • 1O2 = 1O1⊕O2 +
∑
i
χ(V (O1,O2;Li))1Pi
1O2 • 1O1 = 1O1⊕O2 +
∑
j
χ(V (O2,O1;Nj))1P ′j
where Pi,P
′
j are indecomposable constructible sets. So 1O1•1O2−1O2•1O1 ∈
L(Λ). 
Note that 1Ed(Q,R) always lies in R(Λ), by the following lemma.
Lemma 3.11. The variety Ed(Q,R) is of stratified Krull-Schmidt for any
d ∈ NI.
For any Λ-moduleM with dimension vector d, we have the Krull-Schmidt
decomposition M ∼=
⊕s
i=1miMi. Let di = dimMi. Then we call the vectors
{midi}
s
i=1 the Krull-Schmidt vectors ofM, also of d. Note that, for a module
M its Krull-Schmidt vectors are uniquely determined and the dimension
vector d only has finitely many families of Krull-Schmidt vectors. This
notion coincides with the Konstant partition if we consider quivers without
relations.
Proof of Lemma 3.11: Define
Einddi
= {M ∈ Edi(Q,R) |M is indecomposable}.
It is a locally closed subset. Then it is easy to see that, by Krull-Schmidt
theorem,
Ed(Q,R) =
⋃
{midi}
s
i=1
s⊕
i=1
miE
ind
di
.
The union is a disjoint union and runs over all Krull-Schmidt vectors of d.
The proof is finished. ✷
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4. The Universal Enveloping Algebra of L(Λ)
We consider the following tensor algebra over Z :
T (L(Λ)) =
∞⊕
i=0
L(Λ)⊗i
where L(Λ)⊗0 = Z, L(Λ)⊗i = L(Λ) ⊗ · · · ⊗ L(Λ) ( i times ). Then T (L(Λ))
is an associative Z-algebra using the tensor as multiplication. Let J be the
two-sided ideal of T (L(Λ)) generated by
1O1 ⊗ 1O2 − 1O2 ⊗ 1O1 − [1O1 , 1O2 ]
where O1, O2 are any indecomposable constructible sets and [−,−] is Lie
bracket in L(Λ). Then U(Λ) = T (L(Λ))/J is the universal enveloping algebra
of L(Λ) over Z. To avoid confusion, we write the multiplication in U(Λ) as ∗
and the multiplication in R(Λ) as •. We have the canonical homomorphism
ϕ : U(Λ)→ R(Λ) satisfying ϕ(1O1 ∗ 1O2) = 1O1 • 1O2 .
Lemma 4.1. The canonical homomorphism ϕ : U(Λ)→ R(Λ) is an embed-
ding.
Proof. We arbitrarily choose indecomposable constructible sets O1, · · · ,On
such that they are disjoint to each other. Then 1O1 , · · · , 1On are Z-linear
independent in L(Λ). Set
U(Λ)O1···On = {
∑
λww ∈ U(Λ) | w = 1
∗λ1
O1
∗ · · · ∗ 1∗λnOn ,
λi ≥ 0, for i = 1, · · · , n and λw ∈ Z}
and let R(Λ)O1···On be the subalgebra of R(Λ) generated by 1λ1O1⊕···⊕λnOn
for all λi ≥ 0, i = 1, · · · , n. Then we have the restriction map
ϕ |U(Λ)O1···On : U(Λ)O1···On → R(Λ)O1···On
We will prove that ϕ |U(Λ)O1···On is an embedding. Set
U(Λ)
(m)
O1···On
= {
∑
λww ∈ U(Λ) | w = 1
∗λ1
O1
∗ · · · ∗ 1∗λnOn with
n∑
i=1
λi ≤ m}
for any m ∈ N. By the PBW theorem, we know that
U(Λ)
(m)
O1···On
/U(Λ)
(m−1)
O1···On
is a free Z-module with the basis
{1∗λ1O1 ∗ · · · ∗ 1
∗λn
On
|
n∑
i=1
λi = m}.
Set
R(Λ)
(m)
O1···On
= {
∑
λO1O | 1O ∈ R(Λ)O1···On , λO ∈ Z and γ(O) ≤ m}
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for any m ∈ N. It is known that, by Krull-Schmidt theorem,
{1λ1O1⊕···⊕λnOn | λi ≥ 0 for i = 1, · · · , n and
n∑
i=1
λi = m}
are Z-linear independent in
R(Λ)
(m)
O1···On
/R(Λ)
(m−1)
O1···On
.
By Corollary 3.7 the induced map of ϕ
ϕ¯ : U(Λ)
(m)
O1···On
/U(Λ)
(m−1)
O1···On
→ R(Λ)
(m)
O1···On
/R(Λ)
(m−1)
O1···On
sends 1∗λ1O1 ∗· · ·∗1
∗λn
On
to λ1! · · · λn!1λ1O1⊕···⊕λnOn for
∑n
i=1 λi = m,λi ≥ 0, i =
1, ..., n. Therefore
ϕ¯ : U(Λ)
(m)
O1···On
/U(Λ)
(m−1)
O1···On
→ R(Λ)
(m)
O1···On
/R(Λ)
(m−1)
O1···On
is an embedding for all m ∈ N. By a usual method of filtrated ring, we see
that
ϕ |U(Λ)O1···On : U(Λ)O1···On → R(Λ)O1···On
is an embedding. It follows from the arbitrary choice of O1, · · · ,On that
ϕ : U(Λ)→ R(Λ) is an embedding. 
We define the subalgebra R′(Λ) of R(Λ) to be generated by the elements
λ1! · · · λn!1λ1O1⊕···⊕λnOn , where λi ∈ N for i = 1, · · · , n and Oi, i = 1, · · · , n,
are indecomposable constructible sets and disjoint to each other.
Theorem 4.2. The canonical embedding ϕ : U(Λ) → R(Λ) induces the
isomorphism ϕ : U(Λ)→ R′(Λ). Therefore U(Λ)⊗Z Q ∼= R(Λ)⊗Z Q.
Proof. By Corollary 3.7,
ϕ(1∗λ1O1 ∗ · · · ∗ 1
∗λn
On
) = 1λ1O1 • · · · • 1
λn
On
= λ1! · · ·λn!1λ1O1⊕···⊕λnOn +
∑
γ(Pj )<m
cPj1Pj
where m =
∑n
i=1 λi, cPj ∈ Z and we may assume that Pj = λ
′
1O
′
1 ⊕
· · · ⊕ λ′tO
′
t,
∑t
i=1 λ
′
i < m such that O
′
1, · · · ,O
′
t are indecomposable con-
structible sets and disjoint to each other. By Lemma 2.2 in [19] we know
that cPj can be divided by λ
′
1! · · ·λ
′
t!. By induction, cPj1Pj ∈ Im(ϕ). Thus
λ1! · · · λn!1λ1O1⊕···⊕λnOn ∈ Im(ϕ). Obviously {λ1! · · · λn!1λ1O1⊕···⊕λnOn} gen-
erate the whole R(Λ) over Q. So we have U(Λ)⊗Z Q ∼= R(Λ)⊗Z Q. 
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5. The Degenerated Form of Green’s Formula
5.1 Let f : Y −→ X be a homomorphism of Λ−modules and M = Im(f).
For any L ∈ modΛ with dimL = dimX + dimY − dimM , let F(f ;L)
be the set of all pairs (c, d) where c : L −→ X is an epimorphism, d :
Y −→ L a monomorphism and f = cd, then F(f ;L) is a constructible
subset of HomΛ(L,X)×HomΛ(Y,L). Moreover we take the I-graded space
V such that dimV = dimX + dimY − dimM. A Λ-module structure on
V is (V, σ) where σ : Λ → EndCV is an algebra homomorphism. We de-
fine F(f) =
⋃
σ:Λ→EndCV
F(f ; (V, σ)), then F(f) is a constructible subset of
HomC(V,X) ×HomC(Y, V ). Let
γ1 : 0 −→ Ker f −→ Y −→M −→ 0 ∈ Ext
1
Λ(M,Ker f)
γ2 : 0 −→M −→ X −→ Coker f −→ 0 ∈ Ext
1
Λ(Coker f,M).
Then naturally the equivalence class of γ = γ2γ1 : 0 −→ Ker f −→ Y −→
X −→ Coker f −→ 0 belongs to Ext 2Λ(Coker f,Ker f).
Lemma 5.1. We have that F(f) 6= ∅ if and only if γ = 0.
Proof. If γ = 0, by the same discussion as in [22] we can prove F(f) 6= ∅.
Conversely, if F(f) 6= ∅, then there exists (L, c, d) such that we have the
following commutative diagram:
γ0 : 0 −−−−→ Y
d
−−−−→ L −−−−→ Coker f −−−−→ 0y cy ∥∥∥
γ2 : 0 −−−−→ M −−−−→ X −−−−→ Coker f −−−−→ 0
This means that for the following long exact sequence
· · · −→ Ext 1Λ(Coker f,Ker f) −→ Ext
1
Λ(Coker f, Y )
f
−→
Ext 1Λ(Coker f,M)
g
−→ Ext 2Λ(Coker f,Ker f)
we have f(γ0) = γ2. Hence γ = γ2γ1 = g(γ2) = gf(γ0) = 0. 
If f factors through L, we call γ = 0 induced by L.
5.2 The description of Ext 1Λ(B,A)X . For A,B,X ∈ modΛ, we define
Ext 1Λ(B,A)X to be the subset of Ext
1
Λ(B,A) with the middle term iso-
morphic to X. By the vector space structure of Ext 1Λ(B,A), we can view
Ext 1Λ(B,A) as affine space C
n ( n = dim CExt
1
Λ(B,A)). We can prove
Ext 1Λ(B,A)X is a constructible subset. Of course, if dimX 6= dimA+dimB,
then Ext 1Λ(B,A)X = ∅. Let α : Λ → EndCA and β : Λ → EndCB be the
algebra homomorphisms which describe the Λ-module structures of A and
B, respectively. Set
Z(B,A) = {δ : Λ→ HomC(B,A) : δ(λµ) = α(λ)δ(µ)+δ(λ)β(µ) for λ, µ ∈ Λ}
T (B,A) = {δ : Λ→ HomC(B,A) : there exists η ∈ HomC(B,A) such that
δ(λ) = α(λ)η − ηβ(λ) for all λ ∈ Λ}
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It is clear that both Z(B,A) and T (B,A) are constructible subsets of
HomC(Λ,HomC(B,A)). There is a natural morphism of varieties (see [19])
π : Z(B,A)→ Ext 1Λ(B,A). For δ ∈ Z(B,A), π(δ) is the class of the follow-
ing exact sequence in Ext 1Λ(B,A):
0 −→ A
(10)−→ (A⊕B)δ
(0 1)
−→ B −→ 0
where (A ⊕ B)δ is the C-vector space A ⊕ B together with the algebra
homomorphism Λ→ EndC(A⊕B) which sends λ to(
α(λ) δ(λ)
0 β(λ)
)
Any fibre of π is homeomorphic to T (B,A). Hence, if we set Z(B,A)X =
{δ ∈ Z(B,A)|(A⊕B)δ ∼= X} and T (B,A)X = T (B,A) ∩Z(B,A)X , then π
induces πX : Z(B,A)X → Ext
1
Λ(B,A)X with the fibre T (B,A)X .
Lemma 5.2. If X is not isomorphic to A⊕B, then χ(Ext1Λ(B,A)X) = 0.
Proof. Since X ≇ A ⊕ B, T (B,A)X = ∅ . This shows χ(Z(B,A)X) =
χ(Ext1Λ(B,A)X). We claim that χ(Z(B,A)X) = 0. If δ = 0, then (A⊕B)δ
∼=
A⊕B as Λ−module, so 0 /∈ Z(B,A)X . There exists a free action of C
∗ on
Z(B,A)X by t · δ = tδ for t ∈ C
∗, whose orbit space is a constructible
subset of projective space. So χ(Z(B,A)X) = χ(C
∗)χ(Z(B,A)X/C
∗) = 0
by Proposition 2.2. 
Remark 5.3. The above free action of C∗ on Z(B,A)X induces the follow-
ing free action of C∗ on Ext1Λ(B,A)X(see 4.3 in [19]): for t ∈ C
∗ and an
extension
ε : 0→ A
a
−→ Y
b
−→ B → 0
t · ε : 0→ A
t−1a
−−−→ Y
b
−→ B → 0
5.3 Let X be a variety under the action of Gd and f be a Gd-invariant
constructible function over X. It is then natural to define
∫
x∈X f(x) :=∑
m∈Cmχ(f
−1(m)). Let O be the quotient space of the constructible subset
O of X under the action of Gd. Define∫
x∈X
f(x) :=
∑
m∈C
mχ(f−1(m))
where χ(f−1(m)) is defined in Section 2.
Let P be the set of isomorphism classes of Λ-module and Vα be a rep-
resentative in α for α ∈ P. The dimension vector of Vα is denoted by α.
Let O be a Gd-invariant constructible subset of Ed(Q,R), we set h
αβ
O =
χ(Ext 1Λ(Vα, Vβ)O), g
λ
OβOα
= χ(V (Oα,Oβ ;Vλ)) , h
αβ
λ = χ(Ext
1
Λ(Vα, Vβ)Vλ)
and gλβα = χ(V (Vα, Vβ;Vλ)).
We fix Oα,Oβ , α
′, β′ where α′, β′ ∈ P and Oα,Oβ are Gd-invariant con-
structible sets.
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Lemma 5.4. Given the following commutative diagram with exact rows and
columns:
T
uT−−−−→ B
qT−−−−→ B/T
e1
y e2y
B′ A′
e3
y e4y
S
uS−−−−→ A
qS−−−−→ A/S
where A′ ∈ α′, B′ ∈ β′, A ∈ Oα, B ∈ Oβ, uT , uS are canonical inclusions,
and qT , qS are canonical projections. We define the pushout
Y = B′ ⊔T B = B ⊕B
′/{e1(t)⊕ uT (t) | t ∈ T}
and the pullback
X = A′ ⊓A′/S A = {(a⊕ a
′) ∈ A⊕A′ | e4(a
′) = qS(a)}.
Then there exists the following exact sequence:
0 −→ T −→ Y
f
−→ X −→ A/S −→ 0
Proof. See Section 6 in [22]. 
We denote by ε(A/S, S,B/T, T ) the equivalence class of the above exact
sequence in Ext 2Λ(A/S, T ). By Lemma 5.1, if ε(A/S, S,B/T, T ) = 0, then
there exist L, d : Y →֒ L and c : L ։ X such that f = cd. We call
(S, T, e1, e2, e3, e4, c, d) is induced by L.
Let Cd and Cd
′
be two vector spaces of dimension d and d′, respectively.
LetMd′×d be the set of all matrices of size d
′×d. ThenMd′×d = Hom(C
d,Cd
′
)
and Md′×d =
⊔
rMd′×d(r) where Md′×d(r) consists of all matrices of rank
r. For any A = (aij) ∈ Md′×d(r), let us denote the r × r submatrix of A
formed by the rows 1 ≤ i1 < · · · < ir ≤ d
′ and the columns 1 ≤ j1 <
· · · < jr ≤ d by △(i1,··· ,ir ;j1,··· ,jr)(A). For every pair of multi-indices I =
{i1, · · · , ir} ⊆ {1, · · · , d
′} and J = {j1, · · · , jr} ⊆ {1, · · · , d}, we define
Md′×d(r, I, J) to be the subset of Md′×d(r) consisting of the matrices A
which satisfy A /∈ Md′×d(I
′, J ′) for any I ′ < I or I ′ = I, J ′ < J and
det △(i1,··· ,ir;j1,··· ,jr) (A) 6= 0. Here I
′ < I is the common lexicographic
order. We have a finite stratification of Md′×d(r), i.e.,
Md′×d(r) =
⊔
(I,J)
Md′×d(r, I, J).
In particular, if d < d′ and r = d, this gives a finite stratification of the
Grassmannian Grd(C
d′) consisting of all d-dimensional subspaces of Cd
′
. In-
deed, for any I = {i1, · · · , id} ⊂ {1, · · · , d
′} and J = {1, · · · , d}, letMgd′×d(I)
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be the subset of Md′×d(d, I, J) consisting of the matrices A satisfying that
△(I;J)(A) are identity matrices. Then there is a finite stratification
Grd(C
d′) =
⊔
I
Mgd′×d(I).
For any A ∈Md′×d(d, I, J), we substitute the identity matrix for the subma-
trix △(I;J)(A) and then A corresponds to a unqiue matrix A
′ ∈Mgd′×d(I).
For every pair of multi-indices I = {i1, · · · , ir} and J = {j1, · · · , jr}, we
will define the following morphism of varieties:
Υ1(r,I,J) : Md′×d(r, I, J) →Md×(d−r)(d− r),
Υ2(r,I,J) :Md′×d(r, I, J) → Grd−r(C
d),
Ω1(r,I,J) : Md′×d(r, I, J) →M(d′−r)×d′(d
′ − r),
and
Ω2(r,I,J) : Md′×d(r, I, J)→ Grr(C
d′).
Let Pij(k) be the elementary matrix of size k × k transposing the i-th
row and the j-th row. Set PI(d
′) = Pr,ir(d
′) · · ·P1,i1(d
′) and PJ(d) =
Pr,jr(d) · · ·P1,j1(d). Then we have
PI(d
′)APJ (d) ∈Md′×d(r, (1, · · · , r)(1, · · · , r))
for any matrix A ∈ Md′×d(r, I, J). The matrix PI(d
′)APJ(d) has the form(
A1 A2
A3 A4
)
with an invertible r × r matrix A1 and A4 = A3A
−1
1 A2 =
A2A
−1
1 A3. The matrix PJ(d)
(
−A−11 A2
Id−r
)
determines the solution space
{x ∈ Cd | Ax = 0}. The matrix (−A3A
−1
1 , Id′−r)PI(d
′) determines the
solution space {x ∈ Cd | xA = 0}. We define
Υ1(r,I,J)(A) = PJ (d)
(
−A−11 A2
Id−r
)
,
Ω1(r,I,J)(A) = (−A3A
−1
1 , Id′−r)PI(d
′).
Assume that PJ (d)
(
−A−11 A2
Id−r
)
∈ Md×(d−r)(d − r, I
′, J ′) for some I ′ ⊂
{1, · · · , d} and J ′ = (1, · · · , d − r). Then we define Υ2(r,I,J)(A) to be the
unique matrix in Mgd×(d−r)(I
′) which the matrix PJ(d)
(
−A−11 A2
Id−r
)
cor-
responds to. Similarly, we define Ω2(r,I,J)(A) to be the unique matrix in
Mgd′×r(I) which the submatrix△(1,··· ,d′;j1,··· ,jr)(A) ofA corresponds to. Hence,
for any A ∈Md′×d(r, I, J), we have a long exact sequence of C-spaces
0 // Cd−r
Υ1
(r,I,J)
(A)
// Cd
A //
Cd
′
Ω1
(r,I,J)
(A)
//
Cd
′−r // 0 .
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We can replace the vector spaces by Λ-modules. The discussion is similar.
It gives a intrinsic description of kernel and cokernel. We have the following
lemma.
Lemma 5.5. Let X ∈ Ed1(Λ) and Y ∈ Ed2(Λ). Then there are the following
maps whose restrictions to the strata are morphisms of varieties
K : HomΛ(X,Y )→
⋃
e
Gre(X) and G :
⋃
e
Gre(X)→
⋃
e<d1
Ee(Λ)
where the first morphism is taking the kernel and the second morphism is the
substitution of underlying space. Dually, there exists a map whose restriction
to the strata are morphisms of varieties
C : HomΛ(X,Y )→
⋃
e′<d2
Ee′(Λ).
defined by taking cokernel.
Given Λ-modules A,B,A′, B′ and L, we define Q(L) to be the set of all
quadruples (a, b, a′, b′) which satisfy the following diagrams
Byb
B′
b′
−−−−→ L
a′
−−−−→ A′ya
A
where both rows and columns are short exact sequences.
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Define O(L) to be the set of all octets (S, T, e1, e2, e3, e4, c, d) which satisfy
the following diagram
0

0

0 // T
uT //
e1

B
qT //


B/T //
e3

0
Y
d

B′
>>
e2

// L //

c
  
A′
e4

X
<<

0 // S

uS // A
qS // A/S //

0
0 0
Here both rows and columns are short exact sequences, S and T are submod-
ules of A and B, respectively and uT , uS are the canonical inclusions, qT , qS
are the canonical projections and X,Y are as in Lemma 5.4. Moreover,
ε(A/S, S,B/T, T ) = 0, and any octet in O(L) is induced by L.
We define a map η : Q(L) −→ O(L) as follows. For any (a, b, a′, b′) ∈
Q(L), we set
S = ab′(B′), T = b−1b′(B), e1 = b
′−1b, e2 = a
′b(qT )
−1, e3 = ab
′, e4 = qSaa
′−1
and d = (b, b′) |(B⊕B′)/T , c = (a,−a
′). Then, there exists an exact sequence:
0 −→ T −→ (B ⊕B′)/T
f
−→ Ker (qS, e4) −→ A/S −→ 0
and f = cd. This shows F(f) 6= ∅. By Lemma 5.1, ε(A/S, S,B/T, T ) = 0.
Hence, we define
η((a, b, a′, b′)) = (S, T, e1, e2, e3, e4, c, d).
By Lemma 5.5, η is a morphism of varieties.
Conversely, let iB : B → B ⊕ B
′ and iB′ : B
′ → B ⊕ B′ be the canonical
embeddings and let pB : B⊕B
′ → B and pB′ : B⊕B
′ → B′ be the canonical
projections, we have a map ζ : O(L) −→ Q(L) as follows. Consider the
morphisms of Λ-modules:
B
iB // B ⊕B′
pi // (B ⊕B′)/T
d // L
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and
B′
iB′ // B ⊕B′
pi // (B ⊕B′)/T
d // L .
Define
b = d ◦ π ◦ iB , b
′ = d ◦ π ◦ iB′
Also, we consider the morphisms
L
c // ker(qS , e4)
i // A⊕A′
pA // A
and
L
c // ker(qS , e4)
i // A⊕A′
pA′ // A′ .
Define
a = pA ◦ i ◦ c, a
′ = pA′ ◦ i ◦ c.
Hence, we define
ξ((S, T, e1, e2, e3, e4, c, d)) = (a, b, a
′, b′).
By Lemma 5.5, ξ is a morphism of varieties. Now we have the following
proposition which can be viewed as the geometrization of the bijections in
[6] and [22].
Proposition 5.6. There exists a map from Q(L) to O(L) whose restriction
to the strata are homeomorphisms between varieties.
Our main theorem is the following formula which can be viewed as the
degenerated form of Green’s formula.
Theorem 5.7. Let Oα,Oβ , α
′, β′ as above, then
gα
′⊕β′
OαOβ
=
∫
(ρ,σ,σ′,τ)∈E,ρ⊕σ∈Oα,σ′⊕τ∈Oβ
gβ
′
στg
α′
ρσ′
where E = Eρ(Λ)× Eσ(Λ)× Eσ′(Λ)× Eτ (Λ).
Proof. It is enough to prove that for fixed Λ-modules Vα, Vβ, Vα′ , Vβ′ , the
following identity holds∫
α∈Oα,β∈Oβ
g
Vα′⊕β′
VαVβ
=
∫
(ρ,σ,σ′,τ)∈E,ρ⊕σ∈Oα,σ′⊕τ∈Oβ
g
Vβ′
VσVτ
g
Vα′
VρVσ′
.
There is a natural embedding morphism:⋃
ρ,σ,σ′,τ ;ρ⊕σ=α,σ′⊕τ=β
V (Vσ′ , Vρ;Vα′)× V (Vτ , Vσ ;Vβ′)
i
−→ V (Vβ, Vα;Vα′ ⊕ Vβ′).
Consider the action of C∗ on V (Vβ , Vα;Vα′ ⊕Vβ′) as in the proof of Proposi-
tion 3.8. Its fixed point set is just Imi. The proof of the above identity follows
from the fact that V (Vβ, Vα;Vα′ ⊕ Vβ′) has the same Euler characteristic as
its fixed point set under the action of C∗. 
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Remark 5.8. (1) One can prove the following version of Green’s formula
in case the base field k is a finite field with the cardinality q:
aαaβaα′aβ′
∑
λ
gλαβg
λ
α′β′
a−1λ
=
∑
ρ,σ,σ′ ,τ,ε(ρ,σ,σ′ ,τ)=0
|Ext1(Vρ, Vτ )|
|Hom(Vρ, Vτ )|
gαρσg
α
′
ρσ′
gβ
σ′τ
gβ
′
στaρaσaσ′aτ
which extends Green’s formula (see [6] and [22]). In particular, when the
category of finite Λ-modules is hereditary, ε(ρ, σ, σ
′
, τ) always vanishes so
that the above form is reduced to the original Green’s formula. Note that
the original Green’s formula holds for all finite Λ-modules if and only if the
category of finite Λ-modules is hereditary (see [22] and [25]).
(2) Let hα
′β′
λ = |Ext
1(Vα′ , Vβ′)λ|. Then the above extended form of Green’s
formula can be rewritten as ∑
λ
gλαβh
α′β′
λ
=
∑
ρ,σ,σ′ ,τ,ε(ρ,σ,σ′ ,τ)=0
|Ext1(Vρ, Vτ )| · |Hom(Vα′ , Vβ′)|
|Hom(Vρ, Vτ )| · |Hom(Vρ, Vσ)| · |Hom(Vσ′ , Vτ )|
gα
′
ρσ′
gβ
′
στh
ρσ
α h
σ′τ
β .
As Lemma 5.2, we know hα
′β′
λ ≡ 0 mod(q − 1) unless λ = α
′ ⊕ β′. Hence,
the above reformulation implies
gα
′⊕β′
αβ ≡
∑
ρ,σ,σ′,τ ;ρ⊕σ=α,σ′⊕τ=β
gβ
′
στg
α′
ρσ′ mod(q − 1).
which inspires Theorem 5.7.
(3) If Λ = CQ for some acyclic quiver Q, let XM be the image of the Caldero-
Chapton map ([1]) for any Λ-module M . Then Theorem 5.7 is equivalent to
the fact XMXN = XM⊕N for any Λ-modules M and N ([2]).
6. Comultiplications over Universal Enveloping Algebras
As we know, R(Λ) ⊗Z Q can be viewed as the universal enveloping algebra
of L(Λ) ⊗Z Q. On the other hand, there is a unique comultiplication over
the universal enveloping algebra. We can realize this comultiplication in our
geometric frame of R′(Λ) (∼= U(Λ)). Let δ : R′(Λ) −→ R′(Λ) ⊗Z R
′(Λ) be
given by
δ(λ1! · · · λn!1Oλ)(A,B) = χ(Ext
1
Λ(A,B)Oλ)
for any Krull-Schmidt constructible subset Oλ = λ1O1 ⊕ · · · ⊕ λnOn.
Proposition 6.1. The operator δ is well-defined i.e δ(1O) is a constructible
function for any constructible set of stratified Krull-Schmidt O.
22 MING DING, JIE XIAO AND FAN XU
Proof. We only need to consider the constructible set of Krull-Schmidt. Let
Oλ = λ1O1 ⊕ · · · ⊕ λnOn be the Krull-Schmidt decomposition for the con-
structible set Oλ ⊆ Ed(Q,R) and we assume more that Oi, 1 ≤ i ≤ n, are
disjoint to each other. Then λ1! · · ·λn!1λ1O1⊕···⊕λnOn ∈ R
′(Λ).
For a Gλ-invariant constructible subset Oλ ⊆ Eλ(Λ), we consider the
following set
Ext 1Λ(Ed2 ,Ed1)Oλ = {(A,B, ε) | B ∈ Ed1 , A ∈ Ed2 , ε ∈ Ext
1
Λ(A,B)L, L ∈ Oλ}
where λ = d1 + d2. It is a constructible subset of Ext
1
Λ(A,B) × Ed1(Λ) ×
Ed2(Λ). We have the canonical projection
h : Ext 1Λ(Ed2 ,Ed1)Oλ−→Ed1 × Ed2 .
For A ∈ Ed2 , B ∈ Ed1 , h
−1(A,B) = Ext 1Λ(A,B)Oλ . By Theorem 2.3,
we have h∗(1Ext 1Λ(Ed2 ,Ed1)Oλ
) = δ(1Oλ)|Ed1×Ed2 is a constructible function.
On the other hand, there are finitely many d1, d2 such that d1 + d2 = λ.
Therefore, δ(1Oλ) is a constructible function. Now we can write down:
δ(1Oλ) =
t∑
i=1
hαβOλ1Oi
whereOi ∈ Ed1×Ed2 are constructible, d1+d2 = λ, (Vα, Vβ) ∈ Oi and h
αβ
Oλ
=
χ(Ext 1Λ(Vα, Vβ)Oλ). By Lemma 5.2, we know that h
αβ
Oλ
= 1 if Vα⊕Vβ ∈ Oλ,
otherwise 0. We can write down the formula explicitly:
δ(λ1! · · · λn!1Oλ) =
∑
k1,··· ,kn;ki≤λi
λ1! · · · λn!(1k1O1⊕···⊕knOn⊗1(λ1−k1)O1⊕···⊕(λn−kn)On).
The right side of the identity can be written as∑
k1,··· ,kn;ki≤λi
Ck1λ1 · · ·C
kn
λn
·
k1! · · · kn!1k1O1⊕···⊕knOn ⊗ (λ1 − k1)! · · · (λn − kn)!1(λ1−k1)O1⊕···⊕(λn−kn)On .
If Oλ is indecomposable then δ(1O) = 1O ⊗ 1 + 1⊗ 1O by Lemma 5.2. The
proof is finished. 
Theorem 6.2. The map δ : R(Λ) −→ R(Λ) ⊗ R(Λ) (also δ : R′(Λ) −→
R′(Λ)⊗R′(Λ)) is an algebra homomorphism.
Proof. Consider the following diagram:
R(Λ)⊗R(Λ)
µ
−−−−→ R(Λ)
δ⊗δ
y yδ
R(Λ)⊗R(Λ)⊗R(Λ)⊗R(Λ)
η
−−−−→ R(Λ)⊗R(Λ)
where η = (µ⊗ µ)ξ:
R(Λ)⊗R(Λ)⊗R(Λ)⊗R(Λ)
ξ
−→ R(Λ)⊗R(Λ)⊗R(Λ)⊗R(Λ)
µ⊗µ
−→ R(Λ)⊗R(Λ)
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given by ξ(x⊗ y ⊗ z ⊗ w) = x ⊗ z ⊗ y ⊗ w. We need to show this diagram
commutes. For 1O1 ⊗ 1O2 ∈ R(Λ)⊗R(Λ), using Lemma 5.2, we have
δµ(1Oα ⊗ 1Oβ ) = δ(
∑
λ
gλOαOβ1Oλ) =
∑
λ
gλOαOβ
∑
α′ ,β′
hα
′
β
′
Oλ
1O
α
′ ⊗ 1O
β
′
=
∑
α′ ,β′
(
∑
λ
gλOαOβ)h
α
′
β
′
Oλ
1O
α
′ ⊗ 1O
β
′ =
∑
α′ ,β′
gα
′⊕β′
OαOβ
1O
α
′ ⊗ 1O
β
′
and
(µ⊗ µ)ξ(δ ⊗ δ)(1Oα ⊗ 1Oβ ) = (µ ⊗ µ)ξ(δ(1Oα )⊗ δ(1Oβ ))
= (µ⊗ µ)ξ(
∑
ρ,σ,σ′ ,τ
hρσOαh
σ
′
τ
Oβ
1Oρ ⊗ 1Oσ ⊗ 1O
σ
′ ⊗ 1Oτ )
= (µ⊗ µ)(
∑
ρ,σ,σ′ ,τ
hρσOαh
σ
′
τ
Oβ
1Oρ ⊗ 1O
σ
′ ⊗ 1Oσ ⊗ 1Oτ )
=
∑
ρ,σ,σ′ ,τ
hρσOαh
σ
′
τ
Oβ
(
∑
α′
gα
′
OρO
σ
′
1O
α
′ )⊗ (
∑
β′
gβ
′
OσOτ
1O
β
′ )
=
∑
α′ ,β′
(
∑
ρ,σ,σ′ ,τ
hρσOαh
σ
′
τ
Oβ
gα
′
OρO
σ
′
gβ
′
OσOτ
)1O
α
′ ⊗ 1O
β
′
=
∑
α′ ,β′
(
∫
ρ,σ,σ′ ,τ ;ρ⊕σ∈Oα,σ′⊕τ∈Oβ
gα
′
ρσ′
gβ
′
στ )1O
α
′ ⊗ 1O
β
′
Therefore, by Theorem 5.7, we have
δµ(1Oα ⊗ 1Oβ ) = (µ⊗ µ)ξ(δ ⊗ δ)(1Oα ⊗ 1Oβ ).
We complete the proof of this theorem. 
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